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1 Introduction 

In this paper we consider the problem of finding nontrivial time-periodic solutions of the 
completely resonant nonlinear forced wave equation 

Du = ef(t,x,u;e) (1.1) 

with Dirichlet boundary conditions 

u(t,0) = u(t,ir) = (1.2) 

where □ := d tt — d xx is the D'Alembertian operator, e is a small parameter and the 
nonlinear forcing term f(t,x,u;e) is T-periodic in time. We consider the case when T is 
a rational multiple of 2n and, for simplicity of exposition, we shall assume 

T = 2tc . 

We look for nontrivial 27r-periodic in time solutions u(t,x) of (1.1)-(1.2), i.e. satisfying 

u(t + 2n,x) =u(t,x) . (1.3) 
For e — 0, (1.1)-(1.2) reduces to the linear homogeneous wave equation 

D " = ° (1.4) 
u(t, 0) = u(t, tt) = 

which possesses an infinite dimensional space of solutions which are 27r-periodic in time 
and of the form v(t,x) = v(t + x)— v(t — x) for any 27r-periodic function ■£>(•). For this 
reason equation (1.1)-(1.2) is called completely resonant. 

The main difficulty for proving existence of solutions of (1.1)-(1.2)-(1.3) for e ^ is 
to find from which periodic orbits of the linear equation (1.4) the solutions of the nonlin- 
ear equation (1.1) branch off. This requires to solve an infinite dimensional bifurcation 
equation (also called kernel equation) with an intrinsic lack of compactness. 

The first breakthrough regarding problem (1.1)-(1.2)-(1.3) was achieved by Rabinowitz 
in [R67] where existence and regularity of solutions was proved for nonlinearities satisfy- 
ing the strongly monotone assumption (d u f)(t,x,u) > j3 > 0. Using methods inspired by 
the theory of elliptic regularity, [R67] proved the existence of a unique curve of smooth 
solutions for e small. Other existence results of weak and classical solutions have been 
obtained, still in the strongly monotone case, in [DST68]-[L69]-[BN78]. 
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Subsequently, Rabinowitz [R71] was able to prove existence of weak solutions of (1.1)- 
(1.2)-(1.3) for a class of weakly monotone nonlinearities like f(t, x, u) = u 2k+1 + G(t, x, u) 
where G(t,x,u 2 ) > G(t,x,Ui) if u 2 > u±. Actually, in [R71] bifurcation of a global con- 
tinuum branch of weak solutions is proved. For other local existence results in the weakly 
monotone case we mention [T69]-[H70]. 

In all the quoted papers the monotonicity assumption (strong or weak) is the key prop- 
erty for overcoming the lack of compactness in the infinite dimensional kernel equation. 

We underline that, in general, the weak solutions obtained in [R71] are only contin- 
uous functions. Concerning regularity, Brezis and Nirenberg [BN78] proved -but only 
for strongly monotone nonlinearities- that any L°°-solution of (1.1)-(1.2)-(1.3) is smooth, 
even in the nonperturbative case e — 1, whenever the nonlinearity / is smooth. 

On the other hand, very little is known about existence and regularity of solutions if 
we drop the monotonicity assumption on the forcing term /. Willem [W81], Hofer [H82] 
and Coron [C83] have considered the class of equations (1.1)-(1.2) where f(t,x,u) = 
g(u) + h(t,x), e — 1, and g(u) satisfies suitable linear growth conditions. Existence of 
weak solutions is proved, in [W81]-[H82], for a set of h dense in L 2 , although explicit 
criteria that characterize such h are not provided. The infinite dimensional bifurcation 
problem is overcome by assuming non-resonance hypothesys between the asymptotic be- 
haviour of g(u) and the spectrum of □. On the other side, Coron [C83] finds weak solutions 
assuming the additional symmetry h(t, x) = h(t + n, n — x) and restricting to the space 
of functions satisfying u(t,x) = u(t + n, n — x), where the Kernel of the d'Alembertian 
operator □ reduces to 0. For some more recent results see for example [BDL99]. 

In the present paper we prove existence and regularity of solutions of (1.1)-(1.2)-(1.3) 
for a large class of nonmonotone forcing terms f(t,x,u), including, for example, 

f(t,x,u) = ±u 2h + h(t,x), see Theorem 1 ; 

f(t,x,u) = ±u 2k + u 2k+1 + h(t,x), see Theorem 2 ; 

f(t, x, u) = ±u 2k + f{t, x, u) with (d u f) (t, x, u) > (5 > 0, see Theorem 3 . 

The precise results will be stated in the next subsection 1.1, see Theorems 1, 2 and 
3. Their proof is based on a variational Lyapunov-Schmidt reduction, minimization argu- 
ments and a-priori estimate methods inspired to regularity theory of [R67]. We anticipate 
that our approach -explained in subsection 1.2- is not merely a sharpening of the ideas of 
[R67]-[R71], which, to deal with non monotone nonlinearities, require a significant change 
of prospective. 

We mention that in the last years several results on bifurcation of free vibrations 
for completely resonant autonomous wave equations have been proved in [B99]-[BP01]- 
[BB03]-[BB04a]-[BB04b]-[GMP04]. The main differences with respect to the present case 
are that: a "small divisor" problem in solving the "range equation" appears (here no 
small divisor problem is present due to the assumption T = 2tt, see remark 1.6), but the 
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infinite dimensional "bifurcation equation" -whose solutions is the main problem of the 
present paper- gains crucial compactness properties, see remark 1.7. 

1.1 Main Results 

We look for solutions u : — > R of (1.1) in the Banach space 

E := H 1 ^) n C 1/2 (n), fi:=Tx (0, vr) 

where H 1 ^) is the usual Sobolev space and C^ 2 (£l) is the space of all the 1/2- Holder 
continuous functions u : Vt — ► R satisfying (1.2), endowed with norm 1 

\\ u \\e '■= \\u\\m(n) + IMIc 1 / 2 ^) ■ 
Critical points of the Lagrangian action functional \I/ G C 1 (i?, R) 

f r n 2 n 2 

tf(u) :=*(«, e) := / ^-^ + eF(t,a;,M;e) dtdx, (1.5) 
A} L 2 2 J 

where F(t,x,u;e) := J* " f(t,x,£;e)d£, are weak solutions of (1.1)-(1.2)-(1.3). 

For £ = 0, the critical points of \& in E reduce to the solutions of the linear equation 
(1.4) and form the subspace V := iV D if x (f2) where 

N:={v(t,x)=v(t + x)-v(t-x) v G L 2 (T) and v(s) ds = j . (1.6) 

Note that V := iV fl if 1 (ft) = x) = v(t + x) - v(t - x) G N \ v G if 1 (T)} C £, since 
any function v G if 1 (T) is l/2-H61der continuous. 

Let N 1 - := {/i G L 2 (ft) | J Q hv = 0, G iV} denote the L 2 (ft)-orthogonal of N. 
We prove the following Theorem: 

Theorem 1 Let f(t,x,u) = {3u 2k +h(t, x) andh G N 1 - satisfies h(t, x) > (orh(t,x) < 0) 
a.e. in Vt. Then, for e small enough, there exists at least one weak solution u G E of 
(1.1)-(1.2)-(1.3) with \\u\\ E < C\e\. If, moreover, h G H j (Q) n ^^(fl), j > 1, then 
u G fl Cq(Q) with ||u||f/-j+i(n) + IMIctf(n) — C\e\ and therefore, for j > 2, u is a 

classical solution. 

Theorem 1 is a Corollary of the following more general result which enables to deal 
with non-monotone nonlinearities like, for example, f(t,x,u) = ±(sinx) u 2k + h(t,x), 
f(t, x,u) = ± u 2k + u 2k+1 + h(t, x). 



iHere ||«||^i (n) := |M|| 2(a) + ||u*||£ a( n) + K|||2 (n) and 

_\u(t,x) - u(*i,a;i)| 

(t,x)#(ti,xi) 



>A\ c „ m ■= \\u\\ c o {n) + /t jnp , , )1/2 ■ 
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Theorem 2 Let fit, x, u) = g(t, x, u) + h(t, x), h(t, x) G N 1 - and 

g(t, x, u) := (3{x)u 2k + H(t, x, u) 
where TZ, d t TZ, d u TZ G C(H x R, R) satisfy 2 

\\n(;u)\\ cm =0(u 2k ), \\d t n(;u)\\ cm =0(u 2k ), \\ d u K(; u) = 0^) , (1.7) 

and /3 G C([0,7r],R) verifies, for x G (0,7r), > (or f3(x) < 0) and (3(tt - x) = f3(x). 

(i) (Existence) Assume there exists a weak solution H G E of DH = h such that 

H(t,x)>0 (orH(t,x)<0) V((,i)gJ1. (1.8) 

T/ien, /ore small enough, there exists at least one weak solution u G E o/(l.l)-(1.2)-(1.3) 
satisfying \\u\\e < C\e\. 

(ii) (Regularity) 7/ ; moreover, h G ^'(fi) n C^^U), (3 G ^'((0,7r)), ^, d t TZ, d u TZ 
G C J '(fi x R) 7 j > 1, then u G fP +1 (f2) fl Cq(J1) and, for j >2,uisa classical solution. 

Note that Theorem 2 does not require any growth condition on g at infinity. In partic- 
ular it applies for any analytic function g(u) satisfying g(0) = </(0) = . . . = o 2fc_1 (0) = 
and g 2k (0) ^ 0. 

We now collect some comments on the previous results. 

Remark 1.1 The assumption h G N 1 - is not of technical nature both in Theorem 1 and 
in Theorem 2 {at least if g — g(x,u) = g(x,—u) = g(n — x,u)). Indeed, if h ^ iV^, 
periodic solutions of problem (1.1)-(1.2)-(1.3) do not exist in any fixed ball < R}, 

R > 0, for e small; see remark 4-4- 

Remark 1.2 In Theorem 2 hypothesys (1.8) and (5 > (or (5 < 0) are assumed to prove 
the existence of a minimum of the "reduced action functional" $ 7 see (1.16). A sufficient 
condition implying (1.8) is h > a.e. in Q, see the "maximum principle" Proposition 
4-9. This is also the key step to derive Theorem 1 from Theorem 2. 
We also note that hypothesys (1.8) can be weakened, see remark 4-3. 

Remark 1.3 (Regularity) It is quite surprising that the weak solution u of Theorems 
1, 2 is actually smooth. Indeed, while regularity always holds true for strictly monotone 
nonlinearities (see [R67]-[BN78]), yet for weakly monotone f it is not proved in general, 
unless the weak solution u verifies ||njvit||£2 > C > (see [R71]). Note, on the contrary, 
that the weak solution u of Theorem 2 satisfies ||IIjvu||l2 = 0(e). 
Moreover, assuming 

\\d\d™d n u K\\ c(n) = 0{u 2k - n ), V0 <Z,n< j + 1,0 <m<j,l + m + n<j + 1 (1.9) 

2 The notation f(z) = o(z p ), p € N, means that f(z)/\z\P -> as z -> 0. f(z) = 0(z p ) means that 
there exists a constant C > such that \f(z) \ < C\z\ p for all z in a neighboorhood of 0. 
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we can also prove the estimate (see remark 4-8) 

\\u\\ H i+i(n) + IMIc^n) < c \ £ \ ■ (!-!0) 

Remark 1.4 (Multiplicity) For nonmonotone nonlinearities f one can not in general 
expect unicity of the solutions. Actually, for f(t,x,u) = g(x,u) + h(t,x) with g(x,u) = 
g(x, —u), g(ir — x, u) = g(x,u), there exist infinitely many h G N 1 - for which problem 
(1.1)-(1.2)-(1.3) has (at least) 3 solutions, see remark 4-5. 

Finally, we extend the result of [R67] proving existence of periodic solutions for non- 
monotone nonlinearities f(t,x,u) obtained adding to a nonlinearity f(t,x,u) as in [R67] 
(i.e. d u f > (3 > 0) any nonmonotone term a(x, u) satisfying 

a(x, — u) — a(x, u) , a(n — x,u) = a(x,u) (1-H) 

or 

a(x, —u) = —a(x,u) , a(7r — x, u) — — a(x, u) . (1-12) 

A prototype nonlinearity is f(t, x, u) = ±u 2k + f(t, x, u) with d u f > (3 > 0. 

Theorem 3 Let f(t,x,u) = f(t,x,u)+ a(x,u) where f, d t f , d u f are continuous, d u f > 
f3 > and a(x,u) satisfy (1.11) or (1.12). Then, fore small enough, (1.1)-(1.2)-(1.3) has 
at least one weak solution u G E. If moreover f , d t f , d u f G C^(VL x R), j > 1, then 
u G DC J (U). 

In the next subsection we describe our method of proof. 
1.2 Scheme of the Proof 

In order to find critical points of the Lagrangian action functional ^ : E — > R defined in 
(1.5) we perform a variational Lyapunov-Schmidt reduction, decomposing the space E : = 
/7 1 (fi)n Cl ,2 (TL) as 

E = V ®W 

where 

V:=NnH\n) and If := JV 1 n ^(fi) n C 1/2 (O) . 

Setting u = v + w with v G V , w G W and denoting by IT/v and H^± the projectors from 
L 2 (f2) onto N and N 1 - respectively, problem (1.1)-(1.2)-(1.3) is equivalent to solve the 
kernel equation 

U N f(v + w,e) = (1.13) 

and the range equation 

w = £D _1 n^± f(v + w,e) (1.14) 

where D -1 : N 1 - — > N 1 - is the inverse of □ and f(u,e) denotes the Nemitski operator 
associated to /, namely 

\f(u,e)](t,x) := f(t,x,u,e). 
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Remark 1.5 The usual approach (see [R67]-[DST68]-[T69]-[R71]) is to find, first, by the 
monotonicity of f , the unique solution v = v(w) of the kernel equation (1.13) and, next, to 
solve the range equation (1.14). On the other hand, for nonmonotone forcing terms, one 
can not in general solve uniquely the kernel equation -recall by remark 1.4 that in general 
unicity of solutions does not hold. Therefore we must solve first the range equation and 
thereafter the kernel equation. 

We solve, first, the range equation by means of a quantitative version of the Implicit 
Function Theorem, finding a solution w := w(v,e) G W of (1.14) with ||iu(i>, s)\\e — 0(e), 
see Proposition 3.2. Here no serious difficulties arise since acting on W is a compact 
operator, due to the assumption T = 2n, see (2.2). 

Remark 1.6 More in general, D _1 is compact on the orthogonal complement of ker(\3) 
whenever T is a rational multiple of 2tt. On the contrary, ifT is an irrational multiple of 
2n, then D^ 1 is, in general, unbounded (a "small divisor" problem appears), but the kernel 
ofD reduces to (there is no bifurcation equation). For existence of periodic solutions in 
the case T/2tt is irrational see [PY89]. 

Once the range equation (1.14) has been solved by w(v, e) G W it remains the infinite 
dimensional kernel equation (also called bifurcation equation) 

Il N f(v + w(v,e),e) = . (1.15) 

We note (see Lemma 3.3) that (1.15) is the Euler-Lagrange equation of the reduced 
Lagrangian action functional 

$:V — >R $(v) := $(v,e) := V(v + w(v,e),e) . (1.16) 

$ lacks compactness properties and, therefore, to find critical points of $, we can not rely 
on critical point theory: 

Remark 1.7 Implementing an analogue Lyapunov-Schmidt reduction in the autonomous 
case (see [BB03]) it turns out that, in the corresponding reduced Lagrangian action func- 
tional, a further term proportional to \\v\\ 2 H1 is present. Therefore it is possible to apply 
critical point theory (e.g. the Mountain Pass Theorem) to find existence and multiplicity 
of solutions, see [BBOJ^aj. The elliptic term ||i>||#i helps also in proving regularity results 
for the solutions. 

We attempt to minimize $. 

We do not try to apply the direct methods of the calculus of variations. Indeed $, 
even though it could possess some coercivity property, will not be convex (being / non 
monotone). Moreover, without assuming any growth condition on the nonlinearity /, the 
functional $ could neither be well defined on any L p -space. 

Therefore we minimize $ in any B R := [v G V, \\v\\ H i < R}, Vi? > 0, as in [R67]. 
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By standard compactness arguments $ attains minimum at, say, v G Br. Since v could 
belong to the boundary 8Br, v could not be a solution of (1.15) and we can only conclude 
the variational inequality 

D v $(v)[<p]= [ f(v + w(v,e),e) V <0 (1.17) 
Jn 

for any admissible variation (p G V, i.e. if v + Oip G -Br, V# < sufficiently small. 

The heart of the existence proof of the weak solution u of Theorem 1, Theorem 2 and 
Theorem 3 is to obtain, choosing suitable admissible variations like in [R67], the a-priori 
ESTIMATE H^lliji < R for some R > 0, i.e. to show that v is an inner minimum point of 
$ in B R . 

The strong monotonicity assumption (d u f)(t,x,u) > j3 > would allow here to get 
such a-priori estimates by arguments similar to [R67]. On the contrary, the main difficulty 
for proving Theorems 1, 2 and 3 which deal with non- monotone nonlinearities is to obtain 
such a priori-estimates for v. 

The most difficult cases are the proof of Theorems 1 and 2. To understand the problem, 
let consider the particular nonlinearity f(t,x,u) = u 2k + h(t,x) of Theorem 1. The even 
term u 2k does not give any contribution into the variational inequality (1.17) at the th - 
order in e, since the right hand side of (1.17) reduces, for e — 0, to 

J (v 2k + h(t,x)^ = 0, V^eV 

by (2.18) and h G N L . 

Therefore, for deriving, if ever possible, the required a-priori estimates, we have to 
develop the variational inequality (1.17) at higher orders in e. We obtain 

0> f 2kv 2k - 1 V w(e,v) + 0(w 2 (e,v))= [ e 2kv 2k ~ 1 V D'^h + v 2k ) + 0{e 2 ) (1.18) 
Jn Jn 

because w(v,e) = eD~ 1 (v 2k + h) + o(e) (recall that v 2k , h G N 1 ). 

We now sketch how the e-order term in the variational inequality (1.18) allows to 
prove an L 2fe -estimate for v. Inserting the admissible variation if :— v in (1.18) we get 

f Hv 2k + v 2k D~ 1; D 2k < 0{e) (1.19) 
Jn 

where if is a weak solution of OH = h which verifies H(t,x) > in Q (H exists by the 
"maximum principle" Proposition 4.9). The crucial fact is that the first term in (1.19) 
satisfies the coercivity inequality 



/ Hv 2k > c(H) [ v 2k , Vf G V 
Jn Jn 



(1.20) 
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for some constant c(H) > 0, see Proposition 4.1. The second term j Q v 2k n~ 1 v 2k will be 
negligible, £-close to the origin, with respect to J Q Hv 2k and (1.19), (1.20) will provide 
the L 2fc -estimate for v. 

We remark that the inequality (1.20) is not trivial because H vanishes at the boundary 
(H(t, 0) = H(t, 7r) = 0). Actually, the proof of (1.20) relies on the form v(t, x) = v(t+x) — 
v(t — x) of the functions of V. 

Next, we can obtain, choosing further admissible variations tp in (1.18) and using 
inequalities similar to (1.20), an L°°-estimate for v and, finally, the required if ^estimate, 
proving the existence of a weak solution u G E, see section 4. 

Moreover, using similar techniques inspired to regularity theory and further suitable 
variations, we can also obtain a-priori estimates for the L°°-norm of the higher order 
derivatives of v and for its iP-Sobolev norms. In this way we can prove the regularity of 
the solution u -fact quite surprising for non- monotone nonlinearities-, see subsection 4.5. 

Theorem 2 is proved developing such ideas and a careful analysis of the further term 1Z. 

The proof of Theorem 3 is easier than for Theorems 1 and 2. Indeed the additional 
term a(x, u) does not contribute into the variational inequality (1.17) at the 0^-order 
in e, because J Q a(x,v)ip = 0, Vy? G V, by (2.19). Therefore the dominant term in the 
variational inequality (1.17) is provided by the monotone forcing term / and the required 
a-priori estimates are obtained with arguments similar to [R67], see section 5. 

Acknowledgments: The authors thank A. Ambrosetti for having suggested the study 
of this subject and for useful discussions. They also thank P. Bolle, G. Mancini, M. Procesi 
for interesting comments. Part of this paper was written when the second author was 
visiting S.I.S.S.A. in Trieste. 

Notations: fi:=Tx (0, tt) where T := R/2vrZ. We denote by C j (Tt) the Banach space of 
functions u : Q — > R with j derivatives in Q continuous up to the boundary dQ, endowed 
with the standard norm || \\ C j. Cq(Q) := C j (Q) fl Cq(Q) where Co(Q) is the space of real 
valued continuous functions satisfying u(t, 0) = u(t,n) = 0. Moreover H^fl) := W^ 2 {Vt) 
are the usual Sobolev spaces with scalar product (•, and norm || H^,/™ • Here C J (T) 
denotes the Banach space of periodic functions u : T — > R with j continuous derivatives. 
Finally, H j (T) is the usual Sobolev space of 27r-periodic functions. 

2 Preliminaries 

We first collect some important properties on the D'Alembertian operator □. 

Definition 2.1 Given f(t,x) G L 2 (Q), a function u G L 2 (Q) is said to be a weak solution 
ofDu — f in ft satisfying the boundary conditions u(t,0) = u(t,ir) = 0, iff 
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It is easily verified that, if u G C 2 {Vt) is a weak solution of Du = f according to 
definition 2.1, then u is a classical solution and u(t, 0) = u(t, n) = 0. 

The kernel N C L 2 (f2) of the D'Alembertian operator □, i.e. the space of weak 
solutions of the homogeneous linear equation Ov = verifying the Dirichlet boundary 
conditions v(t,0) = v(t,ir) = 0, is the subspace N defined in (1.6). iV coincides with the 
closure in L 2 (Q) of the classical solution of Ov = verifying Dirichlet boundary conditions 
which, as well known, are of the form v(t,x) = v(t + x)— v(t — x), v G C 2 (Y). 

Using Fourier series we can also characterize N as 



N = 



(v(t,x) G L 2 (Q) | v(t,x) = sin jx with \aj\ 2 < oo > . 

jez j<=z J 



The range of □ in L 2 (Q) is 

N L := {feL 2 (il) | J fv = 0, VveN}, 



= {/(t,x) G L 2 {VL) I f{t,x) = fije M sinjx with ^ |/^| 2 < oo} 



iez,i>i iez,i>i 



i.e. Vf(t,x) G iV- 1 there exists a unique weak solution u = D 1 f G iV 1 - of □« = /. 
Furthermore D _1 is a bounded operator such that 

: N 1 - — ► N 1 ' fl if 1 (Q) n C 1/2 (n) (2.1) 

i.e. there exists a suitable constant c > 1 such that 



<c|l/IU* V/GL 2 (fi) (2.2) 



where := |M|#i + ||u|| c i/2. By (2.2) and the compact embedding if 1 (fi) L 2 (f2), 

the operator D" 1 : A r_L — > iV -1 is compact. 

These assertions follow easily from the Fourier series representation (see e.g. [BN78]) 

f(t,x):= J2 sin ^ x u = D~ l f:= J2 _/+ . 2 ^sinjx 

noting that u is a weak solution of (1.1) (according to definition 2.1) iff u\j = fij/{—l 2 +j 2 ) 
VI G Z, j > 1, see e.g. [DT68], [H82]. 

To continue, D _1 is a bounded operator also between the spaces 

L°°{Q) — ► C ' 1 ^) , H k {Q) — > H k+1 (Q) , C k (U) — ► C k+1 (Q) (2.3) 
as follows by the integral formula for u = D -1 / = n Ar ±-?/> where (see e.g. [L69], [BCN80]) 

- rt-x+t (tt-x) 



1,(t,x):=-- / m,r)drdC + c { - 
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Hn± : L 2 (Q) — > N 1 - is the orthogonal projector onto N 1 - and 

C7T ft+£ 1 PIT /•£ 

m,T)drdt = - \ 

-i z Jo J-t 



c :- 



\ f Q /(£, r) drdi = l£ f t) drdi = const (2.4) 



is a constant independent of t, because 3 / G N 1 . 

We also have, since cP t li is a weak solution of n(cP t H) — dfh and (2.1) applies, 

h G =^ fi£if G C 1/2 (n) . (2.5) 

Finally, the projector Ily : L 2 (f2) — > TV can be written as iLvu = + — p(t — x) where 



i r r 

:= ^ y [«(?/ - s, s) - u(y + s, , 



ds 



and therefore, since u G L^(H) =>• p G C j (T) and u G /P'(ft) =>• p G i!P'(T), 

ILy, T1 N± : C J '(H) -> C j (n) are bounded (2.6) 
ILv, T1 N± : -> /F(ft) are bounded. (2.7) 

Kernel properties and technical Lemmata 

Let define, for < a < 1/2, 

Q a : = T x (cnr,7r -an) C Q . (2.8) 

Lemma 2.2 Lei a G L 1 ^). 

/ a(t,x)dtdx = - / / a , ] ds_ <is + . (2.9) 



3 We have that 2c = J T(t) f = lim^oo J r(t) /„ where T(i) := {(r,£) e Q s.t. t - £ < t < i + £, 
< £ < 7r} and 

/„(*, X) := ^ / ije i; * sin ]T /^e"' sin = f(t, x) e N x . 

\l\,i<n 

The claim follows since Sr(t) $ n ^ or any n ' independent on t : 

■'T'(t) Jo | i |, J <„ Jt-£ 

= ]T / 0J 2£ sin. ? £ dt+ 2 fy eM f sin ^ sin l £ d £ = E /oj /" ^ sin ^ ^ ■ 

l<i<n ^° |!|,3<n J° l<j<n ^° 

3^|i|,M0 
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In particular for p,q e L 1 (T) 
/ p(t + x)q(t — x) dtdx — - / p(s)ds / q(s)ds — - / / p(y)q(z + y)dydz (2.10) 

</Q a 2 Jo </0 2 J^2aw Jo 

and 

n n p2tt 

/ p{t + x)dtdx = \ p(t - x) dt dx = 7r(l - 2a) / p(s)ds . (2.11) 
Jn a Jn a Jo 

Moreover, given f, g : R — > R continuous, 

/ f(p(t + x))g(p(t-x))dtdx= f(p(t-x))g(p(t + x))dtdx . (2.12) 
PROOF: In the Appendix. □ 



Lemma 2.3 For any n = n(t + rr) — v(t — x) := v + — v_ E N 

\h(n) = 27r ll^lli 2 (T) 



/•27T 

v\\Un) = M*\\hm = 27r / ^ • ( 2 - 13 ) 

Jo 



Moreover 

\\vt\\l H n) = \Ml H n) = M#\\h m \/v £ N (~) H 1 ^) (2.14) 

II^IU-(T) < IMU°°(Q) < 2||t)|| L -(T) VveNn L°°(n) (2.15) 

lklUo°(Q) < IM|ffi(n) Vn G iV n tf 1 ^) . (2.16) 

PROOF: In the Appendix. □ 

Lemma 2.4 Let ip±, . . . , y?2fc+i £ and </?i • . . . • y?2fc+i £ I/ 1 (fi). Tnen 

/ ¥>i-...-¥>2*+i = • (2.17) 

In particular <f ± • . . . • tp 2 k £ 

Moreover, if a : Vt — ► R satisfies (i) a(x,u) = a(ji — x,u) and a(x,u) = a(x, —u) or 
(ii) a(x, u) = —a(j[ — x, u) and a(x, u) = —a(x, —u), then 

I a(x,v)<p = VveNr)L°°,ipeN (2.18) 
Jn„ 



and 



J (d u a)(x,v)( fl (p 2 = \/v eNHL 00 , Vl , V2 eN . (2.19) 
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PROOF: In the Appendix. 



□ 



Lemma 2.5 The following inequalities hold: 

(a-b) 2k <2 2k '\a 2k + b 2k ) 



Va,kK, 



PROOF: In the Appendix. 
Lemma 2.6 Let v E N n L 2k {Vl) and k e N+. Then 



[ V 2k < 7l4 k [ r 

Jn Jo 



2k 



Moreover, for k = 1 



/ 







/•27T p 


> 2tt 


1 -4a 


I V 2 >TT 






Jo Jo 



2tt 



ifO < a < 1/8. Fork > 2, 

/ v 2k > 2tt 1 - 2(1 + 2k)a / v 2k > vr / u 

i/0 < a < 1/4(1 + 2fc). 

PROOF: In the Appendix. 

Generalities about the difference quotients 

For / e L 2 (Q) we define the difference quotient of size feel\ {0} 

f(t + h,x)-f(t,x) 



2k 



(D h f)(t,x) :-- 



h 



and the ^-translation 



(T ft /)(*,a;) :=/(t + M) 



(2.20) 



a - b) 2k > a 2k + b 2k - 2k(a 2k ~ 1 b + ab 2 ^ 1 ) \/a,beR, k e N, fc > 2 (2.21 
2fc-i „2fc-i ^ i2fc-i V«gR, 6>0, A; G N+ . 



(2.22) 
□ 



(2.23) 



□ 



with respect to time. 

The following Lemma collects some elementary properties of the difference quotient. 



Lemma 2.7 Let f,g G L 2 (VL), IigI\{0}. The following holds 
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(i) Leibniz rule: 

D h (fg) = (D h f)g + T h fD h g , (2.24) 

m— 1 



3=0 

m—1 



= m( J D,/)/ m - 1 + (D h f) J2 f m - j -\T h p - P) , (2.25) 

3=0 

f D h (fg) = f(D h f)g + f(D_ h g); (2.26) 
Jn Jn 

(ii) integration by parts: 

[ f(D_ h g) = - [ (D h f)g ; (2.27) 
Jn Jn 

(Hi) weak derivative: If there exists a constant C > such that \/h small 

\\Dhf\\h 2 < C =^ then / has a weak derivative f t and WPWl 2 < C (2.28) 

Moreover, if f has a weak derivative f t G L 2 {VL), then 
(iv) estimate on the difference quotient: 

IIAJIU'w < Wfthnn) ; (2.29) 

(v) convergence: 

D h f ^ f t as h — > . (2.30) 

PROOF. In the Appendix. □ 

3 The Lyapunov- Schmidt decomposition 
3.1 The Range equation 

We first solve the range equation (1.14) applying the following quantitative version of the 
Implicit Function Theorem, whose standard proof is omitted. 

Proposition 3.1 Let X,Y,Z be Banach spaces and x E X , y E Y. Fix r, p > and 
define X r := {x e X s.t. \\x — x \\x < r} and Y p := {y G Y s.t. \\y — yo\\y < p}- Let 
T G C l {U, Z) where Y p x X r C U C Y x X is an open set. Suppose that 

f(y ,x ) = (3.1) 
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and that D y J 7 (y Q ,x ) G C(Y, Z) is invertible. Let T := (j) y J : (yo,Xo) S j and \\T\\ := 
\\T\\c(z,Y) be its norm. If 

su_p||^(y ,z)IU < 2p^jf, (3-2) 

_^up_ Idy — TD y T{y, x) < - (3.3) 

Y p xX r L ( Y > Y ) Z 

then there exists y G C 1 (X r ,F p ) such that J r (y(x),x) = 0. 

Appling Proposition 3.1 to the range equation (1.14) we derive: 

Proposition 3.2 Let f = f(t,x,u,e), f u := d u f and ed £ f be continuous on Q x R x 
[—1,1]. Then Vi? > i/iere exzsfo a unique function 

w = w (v,e) G C 1 ^{||u||ioc < 2R} x {|e| < e (R)} , {\\w\\ E < C (i2)|e|}^ (3.4) 

solving the range equation (1.14), where e (R) := 1/2C (-R) and 4 

C (-R) := 1 + v / 2ttc_ max x, u, e)\ + \f u (t, x, u, e)\ . (3.5) 

nx{|«|<3R+l}x{|e|<l} L J 

Moreover, the following continuity property holds 

L 2 E 

v n ,veV, ||f n ||L°°, \\v\\l°°<R, v n — >v =>■ w(v n ) — > w(v) . (3.6) 



PROOF: Let X := V x R, Y = Z := W (namely x := (v,e) and y := w) and \\x\\ x ■= 
\\v\\l°° + Let also Xq := (0,0), yo := 0, r := 3R, p := 1, jF(y, x) := Tiw^v^e) := 

w - En~ 1 Tl N ±f(v + w,e) and U := W xV x (-1, 1). Note that ^(-, •) G C 1 since the 
Nemitski operator e/ eC\Ex (-1, 1), L 2 (fi)) and (2.1) holds. Moreover (3.1) holds and 
T = ld w (hence ||T|| = 1). 

If \\v < 3R and ||tu||z,°° < \\w\\e < 1, then 

\v(t,x)+w(t,x)\<3R + l, V(i,i)en. (3.7) 

Using (2.2), Bessel inequality Hn^/H^ < ||/|| L 2, ||/||l2 (q) < \/2n\\f\\ L00 (a) and estimate 
(3.7), we obtain, V|e| < s (R) and ||f ||l°° < 3i2, 

||^(0, u,e)|| B < |e| cll/^e)!!^ < |e| y/2irc\\f(v,e)\\ LO o < C (R)\e\ < \ (3.8) 



4 c is defined in (2.2). 
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where C (R) is defined in (3.5). Hence (3.2) follows from (3.8). 
Since 

D w F(w, v, e)[w\ = w — eD~ 1 Il N ± (j u (v + w, e)wj Ww G W , 

we deduce, arguing as before, V||t> < 3R, W\\w\\ E < 1, V|e| < e , 



sup 
IHIe =1 



w 



D w ^{w,v,e)[w] < \e\ V2irc\\f u (y + w, e)|| L =c <e (R)C (R) = \ (3.9) 



and (3.3) follows. Now we can apply Proposition 3.1 finding a function w = w(v,e) G 
C 1 ({||^||x < r},Wi) satisfying the range equation (1.14). Finally, note that 

{|M| L =c < 2R} x {|e| < e {R)} c {\\x\\ x < r = 3R} 

and, arguing as above, 



w(v, e) 



E 



e U-^^fiv + wiv.eYe) < \e\ V2nc\\f(v + w; e)|| L =c < \e\C (R) , 



E 



whence (3.4) follows. 

We now prove (3.6). Let w n := w(v n ,e) and w := w(v,e) denote, for brevity, the solu- 
tions of w n = eD~ 1 U N ±f(v n + w n ) and w = en~ 1 U N ±f(v + w) . By (2.2), using that 
d u f is continuous in O x 1 x [—1, 1], recalling the definition of C (R) in (3.5) and that 
e (R)C (R) = 1/2 



\w n — w\\e < \s\ c 



f(v n + w n ,e) - f(v + w,e) 



L 2 



< e (R)c\\(v n -v) + (w n -w)\\ L 2_ max 

Qx{\u\<3R+l}x{\s\<l} 

< e (R) C (R)\\v n - v\\ L 2 + e (R) C (R)\\w n - w\\ L ~ 
1.. _.. 1.. 

= l^Pn- V\\ L 2 + -\\W n - W\\ E , 



f u (t,x,u,e) 



whence \\w n — w\\e < \\v n — v\\l2 and (3.6) follows. 



□ 



3.2 The Kernel equation 

Once the range equation (1.14) has been solved by w(v, e) G W there remains the infinite 
dimensional kernel equation (1.15). 

Since V is dense in N with the L 2 -norm, equation (1.15) is equivalent to 

f{v + w{v,e),e)^ = Vy? G V (3.10) 

Jn 

which is the Euler-Lagrange equation of the reduced Lagrangian action functional $ : 
V — >R, := $(u,e) := V(v + w(v,e),e), defined in (1.16). Indeed: 
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Lemma 3.3 $ G C 1 ({||f \\ H i < 2R},~R) and a critical point v of $ is a weak solution of 
the kernel equation (1.15). Moreover $ can be written as 



$(v) = e j F(v + w(v); 
Jn l 



£ ) ~ ^f(v + w(v);e)w(v) 



dtdx . 



(3.11) 



PROOF. Since *(-,e) G C^R) and, by Proposition 3.2, w(-,e) G (^({IH^i < 2R}, 
(note that {||u||ffi < 2R} C < 2i?} by (2.16)), then $ G C 1 ({ < 2R}, 

and 



D$(v)[ip] = D^(v + w(v)) <p + dw(v)[ip] 



V(/9 G V 



(3.12) 



We claim that, since w = w(v) G E is a weak solution of the range equation (1.14) and 
w := du>(i>)[</?] G W , then 



= . 



(3.13) 



D^(v + w(v)) dw(v)[ip] 

Indeed, since v t ,v x G N and w t , w x G iV -1 , 

Dty(v + w)[w] = / (i> + w) t w t — (v + w) x w x + ef(v + w, e)w (3-14) 
Jn 

= / w t w t - w x w x + eU N ±f(v + w, e)w = 
Jn 

because w G E is a weak solution of the range equation Dw = eU N ±f(v + w,e) and 
w(t,0) = w(t,n) = 0. 

By (3.12), (3.13) and since w t , w x G N 1 - and </? t , ip x G N 

D$(v)[(p] = DV(v + w)[<p]= (v + w) t ip t -(v + w) x ip x + ef(v + w,e)ip 

Jn 

= v t <p t -v x ip x + ef(v + w,e)<p (3.15) 
Jn 

= £ f(v + w,e)ip = el U N ±f(v + w,e)(p 
Jn Jn 

where in (3.15) we used j n v t ip t — v x ip x = since v,tp 6 V. 

Finally we prove (3.11) as in [BB03]. Since v t ,v x G N, w t ,w x G N 1 - and (2.14) 



(v) = I 
Jn 

- J 

Jn 



(v + w(v)) 2 t (v + w(v))l 



2 2 

2 („,,(„,\\2 



+ eF(v + w(v); e) 



{w(v)) 2 t (w(v)) 



+ eF(v + w(v); e) 



'n 2 2 

and since f n (w(v)) 2 — (w(v)) 2 x = — J Q ef(v + w(v); e)w(v) we deduce (3.11). 
The next Lemma proves a L 2 -continuity property for $. 



□ 
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Lemma 3.4 Let R > and \e\ < e (R) (where e (R) < 1 is defined in Proposition 3.2). 
Then 

v n , v G V , IKHffi, \\v\\m < R , v n — >v =^ $(v n ) — > . (3.16) 
PROOF: Setting w n := w(v n ,e) and w := we have 

F(v n + w n ) - F(v + w) 

n 



< max \f(t,x,u,e)\ / — v + w n — w\ 

^x{|«.|< J R+l}x{|e:|<l} Jn 



< C (R)(\\ Vn ~ V\\ L 1 + \\w n -W\\ L 1 







as n — > oo, by (3.6) and the fact that ||i> n — u||x,2 — > 0. An analogous estimate holds for 
the second term in the integral in (3.11) proving the Lemma. □ 

By standard compactness argument the functional $ attains minimum (resp. maxi- 
mum) in B R := [v G V, \\v\\ H i < i?}, Vi? > 0. Indeed, let v n G B R be a minimazing 
(resp. maximizing) sequence $(i> n ) — * inf-g^$. Since {f n }„ e N is bounded in fl if 1 , up 

to a subsequence f „ — ^ v for some w = v(R, e) G -B/j. By the Rellich Theorem v n — > v and 
therefore, by Lemma 3.4, v is a minimum (resp. maximum) point of $ restricted to Br. 

Since v could belong to the boundary OBr we only have the variational inequality 
(1.17) for any admissible variation tp G V, namely for any tp G V such that v + 9ip G -Br, 
W9 < sufficiently small. As proved by Rabinowitz [R67], a sufficient condition for ip G V 
to be an admissible variation is the positivity of the scalar product 

(v,<p)m>0. (3.17) 

The heart of the existence proof of Theorems 1, 2 and 3 is to obtain, choosing suitable 
admissible variations, the a-priori estimate \\v\\h* < R for some R > 0. i.e. to show that 
v is an inner minimum (resp. maximum) point of $ in Br. 



4 Proof of Theorems 1 and 2 

The main difficulty for proving Theorems 1 and 2 is to obtain the fore mentioned a 
priori-estimate for v. 

4.1 Proof of Theorem 2 

We look for small amplitude solutions of (1.1) with forcing term f(t,x,u) = g(t,x,u) + 
h(t, x) where g(t, x, u) = j3(x)u 2k + 7Z(t, x, u), h(t, x) G N 1 - and lZ(t, x, u) satisfies (1.7). 
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Perform the change of variables u — e(H + u) and set e := e 



2k 



Du = g(t, x, e(H + «)) 



= e 
= e 



2 k 



(3{x){H + u) 2k + e- 2k TZ(t, x, e(H + u)) 

(3{x) (H + u) 2k + e'^t, x, (H + u)) 

Recalling u — * u, e — * e, we look for solutions of the problem 

Du = ef(t, x, u; e) 
u (t,0) = u(t,ix) = 

u(t + 27T, x) = u(t, X) 

where the nonlinear forcing term is 

/(*, x, u; e) := (3(x)(H + u) 2k + K*(t, x, u; e) 

and 



(4.1) 



(4.2) 
(4.3) 



TZ*(t, x, u; e) := £ _1 ft (t, x, (H(t, x)+ufj . 
Moreover, eventually substituting e — > — e and (5 — > —j3 we can always suppose 

P(x)H(t, x)>0, V(i,i)efl. (4.4) 

By (1.7), ft*, d u Tl*, ed £ Tl* are continuous in H x R x [-1, 1] (recall that H G E) and 

Vi? > 0, H^*(-;£)llc ( nx { M<iM) » R^(-;e)|| (nx { |«|<iio}) ^ ■ ( 4 - 5 ) 

Moreover, since # G if 1 ^), <9 t ft* = £ _1 d t ft+ e^djl H t and (1.7), then 

d t n*(;u(-);e) < C'(||«|| L oo (n) ) V w G L°°(Q) , 

for a suitable increasing function C*(-). 

In order to find solutions of problem (4.1) we perform the Lyapunov-Schmidt reduction 
of the previous section. We fix R > to be chosen later (large enough!). Since /, d u f, ed £ f 
are continuous on Q x R x [— 1, 1], using Proposition 3.2 we solve the range equation (1.14) 
finding w = w(v,e) for \\v ||l°° < 2i? and |e| < e := £o(R)- Now we look for minimum 
or maximum points of the corresponding reduced action functional $ in Br according 
to whether e > or e < 0. Since $ attains minimum or maximum at some point v : = 
v(e) := v(t, x; e) in B R , to conclude the existence proof of Theorem 2-(i) we need to show 
that v is an interior point in Br, i.e. H^Hh 1 < R, f° r a suitable choice of R large enough. 
Let w := w(t, x; e) := w(v(e),e)(t, x) G E and u := u(t, x;e) := v + w G E . By (3.4) and 
the definitions of C (-), Eq(-) given in Proposition 3.2, we have 



\w\\ E < C (R)\e\ <-, 



(4.6) 
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since, by (2.16), \\v\\ c ^ < ||u||ffi(n) < R- Let 

lZ*(t, x; e) := lZ*(t, x, u(t, x; e);e). (4.7) 
We have K* G C(U) and, choosing R := R+l/2 in (4.5), 

\\K*{-,e)\\ m 2=5 0. (4.8) 
Moreover, since d t lZ* = d t TZ*(u)+ d u lZ*(u) (v t + w t ), we have d t 1Z* G L 2 (Vt) with 

dtK^e) : <a(||u|| L =o ( n))+o(l)||i; t || L2( n), (4.9) 

L 2 (Q) 

for a suitable increasing function C*(-). By (4.2), (4.3) and (4.7), the variational inequality 
(1.17) yields, for any admissible variation <p G V, 

> £ [ l3(x)(H + v + w) 2k <p + n*(p Ve>0 
if is a minimum point, respectively 

<£ ( l3{x)(H + v + w) 2k ^ + K^ Ve<0 

if -y is a maximum point. However, in both cases we get, dividing by e, 

[ [3(x)(H + v + w) 2k <p < [ -K*<p. (4.10) 
Jn Jn 

The required a-priori estimate for the if 1 -norm of v will be proved in several steps 
inserting into the variational inequality (4.10) suitable admissible variations. We shall 
derive, first, an L 2fc -estimate for v (it is needed at least when k > 2), see (4.15), next, an 
L°°-estimate, see (4.29), and, finally, the if ^estimate, see (4.41). 

The following key estimate will be heavily exploited. 

Proposition 4.1 Let k G N + and B G C(Q) with B > inQ. Define 

1 11 
Cfe ( 5 ) := 4k™ inB where ai := g ' ak := 4(l + 2fc) f° rk - 2 - 

ThenM v G iVnL 2fc (ft) 

/ 5t; 2fe > c fc (S) / w 2fc . (4.12) 
Jn Jn 

Proof: Since B > in f2 and using Lemma 2.6 



/ Bv 2k > min B f v 2k > n min B f v 2k > min £? A 



v 2k 



□ 
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Remark 4.2 We stress that estimate (4.12) is not trivial (in the case Ck(B) > 0) since 
B could vanish on dVL (in particular, in this case, (4.12) does not hold true in the whole 

L 2k (n)). 

Remark 4.3 In light of Proposition 4-1 we can prove Theorem 2 requiring only H > 
in fl and H > in Vt ak , instead of (1.8). 

In the following /tj will denote positive constants depending only on H, f3, TZ, k but not 
on R, e. We also recall the notation o(l) for a function tending to as e — > uniformly. 



4.2 The L 2fc -estimate 



Take ip := v in the variational inequality (4.10); ip is an admissible variation since 
(v,ip) H i = \\v\\ 2 H i > 0. 

By (4.10), ||u>(v,£)|| E = 0(e) (recall (4.6)) and (4.8), there exists < e x < e such that 



/ 

Jq 



f3(v + H) 2k v < 1 for |e| < e x , 



(4.13) 



since 



f [3(v + H) 2k v< [ \K*v\+ /3{H + v + w) 2k - (3(H + v) 2k \v\ < o(l)||u|| £ i < o(l)R. 
Jn Jn 

Noting that, J n (3v 2k+1 = by (2.18) with a(x,u) = (3(x)u 2k and f3(rr - x) = (3(x), we 
derive 



/ 



f3(v + H) 2k v = I (v + H) 



■ 1!: - v 2k \v 



> 2kc k ((3H)\\v\\ 2k 2k - ^WvWf- 1 - K 2 \\v\\ L 2k , 



vi +l H 2k -i 

\ i I 

2k ||-||2fc-l 



(4.14) 



where c k ((3H) > was defined in (4.11) (recall (4.4)) and we have used Proposition 4.1 
and Holder inequality to estimate \\v\\ Ll < C it k\\v\\ L 2k (i < 2k — 1). 
Finally, by (4.13) and (4.14) we deduce 



MlL 2fe < K 3 



for \e\ < e 1 



(4.15) 



4.3 The L°°-estimate. 

To obtain the L°°-estimate for v we consider an admissible variation ip, which is a nonlinear 
function of v, and it is constructed as in [R67]. 
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Let, for M > 0, 



, if |A| < M 

q(\) ■ = q M (\) ■= <( A - M , if A > M (4.16) 
A + M , if A < M . 

For w(t, x) = i>+(i, x) — £>_(£, x) = v(t + x) — v(t — x), we define 

ip: =q + - g _ : = q (v + ) - q(v_) G V . 

We take 

and we can assume M > 0, i.e. v is not identically zero. 

In [R67] it is proved that such tp is an admissible variation. We report the proof for 
completeness. By (3.17), it is sufficient to prove that (v,(f) H i > 0. 

Using (2.10), (2.11) and (2.12) 

{v+-V-,q(v+)-q(v-)) H i= [ v + q{v + ) + v-q{vJ) + 2 / q\v + ) \{v + f t + {v + f} (4.17) 

Since q is a monotone odd function of its argument and by our choice of M, v±q(v±) > 
in a positive measure set, and, since q' > 0, the second term in (4.17) is non-negative. 
We also have, since q is a monotone function, 



W = (v+ - v-)(q+ - q-) = (v+ - V-)(q(v+) - q(v-)) > . 



(4.18) 



Insert such ip in the variational inequality (4.10). Here the dominant term is J (3(v+H) 2k ip, 
in the sense that, by \\w(v, s)\\e = 0(e) (recall (4.6)), (4.8) and ||^||l°° < R, we obtain 
that there exists < e 2 < e\ such that 



/ [3(v + H) 2k cp < \\<p\\ L i for |e| < e 2 ■ 
Jn 

Since J n (3v 2k (p = by (2.18) and P(n - x) = (3(x), we have (recall (5 > 0) 



(4.19) 



/ [3(v + H) 2h <p= [ [3\(v + H) 2k -v 2k ]<p> [ 2kpHv 2k - 1 i P -K4\\v\\ 2 L k - 2 + l)y\\ L i. 

(4.20) 

We now estimate the dominant term 2k f n (3Hv 2k ~ 1 Lp. Since vip > and min^ 1/4 (3H > 
(by (4.4)) 



f 2kv 2k ~ 1 pH(p = 2k I PH(v<p)v 2k - 2 >k 5 [ [v^)v 2k - 2 . 
Jn Jn Jn 1/4 



(4.21) 
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By (4.19), (4.20) and (4.21), we have 

/ « 2fc -V<«6(INlSo- ( i ) + i)IM 



(4.22) 



We have to give a lower bound of the positive integral j ni/4 V 2k V = Jn 1/4 C i; V 9 )' ? 

= L 1/4 (^)(^+-^) 2fe ~ 2 - 

We first consider the (more difficult) case k > 2, in which the L 2fc -estimate for v obtained 
in the previous subsection is needed, the (simpler) case k = 1 will be treated later. 
Using (2.21) we obtain 



n 1 



/4 



/ W 



vf~ 2 + v 2k ~ 2 



(2k-2)(v 2 + k ~ 3 v_+v + v 2 _ k ~ :i ) 



ill/4 



v 2k l q + - v 2k + v 2k 2 v„q_ - v 2k 2 v_q + 



> 2 / ijy-V 

1/4 



+ (2A; - 2)[-vl k - 2 v_q + + v 2k ~ 2 v.q^ - vf~ 3 viq- + v 2k ~ 3 v 2 _q + ] 

(4.23) 



-2 [ v 2k -\^ + (2ife - l)v 2 + k ~ 2 v-q + + (2k - 2)v 2k ^v 2 _q_ 

Jflx/4 



(4.24) 



where in the equality we have used (2.12) and in the last inequality the fact that v + q + , 
v-q^ > (since Xq(X) > 0). 

The dominant term is (4.23). Since A 2fc " x g(A) > M 2k ~ l \q(\)\, by (2.11) we obtain 

r-27r 



2 / v 2k ~ 1 q + = 2tt(1 

'"l/4 



-.2fc-l/ 



s)g(u(s))ds > ttM^-I^^IU^t) . (4.25) 



We now give an upper estimate of the three terms in (4.24). By (2.10) 
2 



v 2k ~ l q- 



/4 



1/4 



1/4 



< ||v|| JJ fc i 1(T) |Ui(D 



< 2 / 1^- 1 ! 

< ll^ 2fe ~ 2 ?(^l|Li(T)||^||Li(T) < (2M) 2fe - 2 ||g(^)|| L i (T) ||^| 



L!(T) 



-2Jt— 3 



< ii^ 2fe " 3 iUi(T)iia 2 g(a)iui (T) < (2M) 2 ii^ii 2fe 2 -- 3 3 (T) ik(^)iUi { T) 



By the previous inequalities, (4.25), Holder inequality 5 and (4.15), we finally have 

f v 2k ~\ > itM^U^Wl^) ~ K 7 {M 2k - 2 + l)||g(^)|| L i (T) . (4.26) 



5 To estimate ||w|| LJ (t) < Cj,fe||«llx,2*(T) for 3 < 2k - 
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Now we note that by (2.11) 

M< f \q(v+)\ + \q(v-)\ =27r||g(u)|Ui (T) . 
Jn 

We collect (4.22) and (4.26) using (4.27) in order to obtain 



(4.27) 



M^Um^) < Ks(\\v\\l k ~? n) + M 2k - 2 + l) Ik^lUHT) • (4.28) 

Since M := ||v||l°°(t)/2 hence ||?(^)||l°°(t) = M, \\v\\l°°(ci) < 2||i;||£,oo( T ) = 4M and 
II^IU-(T) 7^ 0. Hence, by (4.28), 

M 2k - l \\q{v)\\L H T) < /%(M 2fc - 2 + l)||g(a)|| L i(T) 



and, dividing by 1 1 q(v) ||l!(t) 7^ 0, we finally obtain M 2k 1 < /t 9 (M 2fc 2 + 1). 
By our choice of M the L°°-estimate follows for k > 2, 

II^IIloo < kiq for lei < £2 ■ 



(4.29) 



We now briefly discuss the case k — 1, which is simpler and where a previous L 2 - 
estimate for v is not necessary to obtain (4.29). In fact by (4.19) and (4.20) (with k — 1), 
we obtain 

/3Hv(p < KuWipWli . (4.30) 



(4.31) 



For 0<a<l/2tobe chosen later, we have 

/ fiHvip > mm(PH) / vip . 
Jn n a Jn a 

We have to give a lower bound of 



vtp — I v + q + + v_q_ - / v + q_ + v^q + 



(4.32) 



By (2.11) and Xq(X) > M\q(X)\ 

J 

Jn 



2?r 



v + q + = I v-q- = n(l-2a) v(s)q(v(s))ds > tt(1 - 2a)M\\q{v) \\ LHV . (4.33) 
n a Jo 



Moreover, since v has zero average, by (2.10), we have 











/ v+q- 




I v-q+ 


-2/ / 








z </-2<Mr 70 



|g(u(3/))u(2 + 3/)|<fydz < 2o7rM||g(u)|| £( i( T ) . 

(4.34) 
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Collecting (4.32), (4.33) and (4.34) we obtain 



^ a. 



v<p > 2tt(1 - 6a)M||g(^)|| Ll(T) > -irM\\q(t>)\\ L i m , 



(4.35) 



choosing a := 1/8. Collecting (4.30), (4.31) and (4.35), we obtain 

M\\q(v)\\ L i m < Ki 2 \\<p\\ L i(n) ■ 

Using (4.27) and dividing by ||?(i')IU 1 ( T ) 7^ in the previous inequality we finally obtain 
(4.29) also in the case k — 1. 



4.4 The ^-estimate. 

We note that if := —D_ h D h v is an admissible variation, since using (2.27), 

(-D_ h D h v,v) H i = (D h v,D h v) H i > 0. 
Since d t [(3(H + v + wf% d t K* E L 2 (fi) (see (4.9)), we have, as h -> 0, 

.2k (2.27) 



f f3(H + v + w) 2k V ( = 
Jn 

= [ (3D h \(H + v + w) 
Jn L 

f (2.27) f 

Jn Jn 



j , - (2-30) , , 

D h v — ► j (3 



(H + v + w) 



2k 



J t 



K*D h v ( —> / d t 1Z*v t , 



and, by the variational inequality (4.10), we obtain 



/ 

Jn 







[H + v + w) 



2 k 



v t < -d t K*v t . 
Jn 



(4.36) 



By the L°°-estimate on v given in (4.29), the Cauchy-Schwartz inequality and (4.9) we 
obtain 

< + o(l)||v t ||| 2 • 



d t fc*v t 



(4.37) 



Since ||u>||.e = \\w(v, s)\\e = 0(e) (recall (4.6)), again by (4.29)and the Cauchy-Schwartz 
inequality, we find 



P (H + v + w) 2k v t = 2k [3(H + v + w) 2k 1 (H t + v t + w t )v t 



> 2k [ /3^ + //) 2fe - 1 ^ 2 -o(l)||^||| 2 -« 14 ||^|U2.(4.38) 
Jn 



26 



M. Berti, L. Biasco 



Collecting (4.36), (4.37) and (4.38), we obtain 

/ f3(v + H) 2k ~ l v 2 < K^WvtWv + o(l)\\v t \\ 2 L2 
Jn 



(4.39) 



Since v,v t E N and v 2k 1 v 2 E L 1 ^), it results J n (3 



2k-\^,2 



v v 



by (2.19). Using the 



inequality (2.22) we obtain 

[3(v + H) 2k ~ 1 v 2 = J (v + H) 

> 4 



Jn 



2k-l _ y2k-l 



n 

i-fc 



f fiH 2k - l v 2 t > A l - k c 1 ((3H 2k - 1 ) [ v 2 (4.40) 
Jn Jn 



where ci(-) was defined in (4.11) and (3H 2k - 1 > by (4.4). By (4.39) and (4.40) we get 

INIi 2 < Kiell^lU 2 + °(i)INI|2 

and we finally deduce that there exists a < £3 < 62 such that 

II^IIh 1 < «i7 V|e| < £ 3 . (4-41) 
Proof of Theorem 2-(i) completed. Defining R ■= k 17 and e* :— e 3 we obtain, 
by (4.41), that 

||u(e)||ffi < R V|e| < £* 

and ^(s) is an interior minimum or maximum point of $ in Br := {\\v ||#i < i?}. By 
Lemma 3.3 w = -u + w = v(e) + w(v(e),e) is a weak solution of (4.1) and 



u:=e(H + v(e 2k )+w(v(e 2k ),e 2k )} EE 
is a weak solution of (1.1)-(1.2)-(1.3) satisfying \\u\\e < C| £ |- 



(4.42) 
□ 



Remark 4.4 Let u := u £ = v £ + u> £ , t> £ G V, u> £ E W, be a weak solution of U\u £ = 
s(g(x, u £ ) + h(t, x)) where g E C([0, 7r] x R) ; ^(x, u) = ^(x, —u) = g(ir — x,u). Suppose u £ 
satisfies \\u £ \\l°° < R, Ve small. We claim this implies h E N L . Indeed, w £ satisfies the 
range equation w £ = en~ 1 U N ±(g(x,u £ ) + h(t,x)) and therefore \\w £ \\loo < C\e\. Moreover, 
by the kernel equation Y\.^{g{x, v £ + w £ ) + h(t, x)) = 0, and noting that U N g(x, v £ ) = by 
(2.18), we derive 



U N h(t, x) 



U N (g(x, v £ + w £ ) - g(x, v e )) 



< 



L 2 



g(x,v £ + w £ ) - g(x,v e ) 







as \\w £ \\l°c — > because g is uniformly continuous on [0, ir] x {\u\ < C}. Therefore 
U N h = andhE N x . 

Remark 4.5 (Multiplicity) By (2.18), any forcing term h(t,x) := —g(x,vo(t,x)), Vq E 
V \ {0}, is in N- 1 , if g(x,u) = g(x,—u) = gin — x, u). Therefore the equation Du = 
e(g(x,u) + h(t,x)) possesses, beyond the e-small solution u of Theorem 2, also the other 
two (not small) solutions ±t> . 
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4.5 Higher regularity and Classical Solutions 

We now prove Theorem 2-(ii) obtaining more regularity for the weak solution u G E of 
(1.1)-(1.2)-(1.3) defined in (4.42). 

Since v <E V := N (1 H 1 is & critical point of $ : V -> R 

I ([3(H + u) 2k + n*)^j = o WipeNnH 1 , (4.43) 
Jn 

which actually holds for any if) G N since iV n if 1 is dense in N with the L 2 -topology 6 . 
Hence, taking ip := ip t for any ip G N fl iJ 1 in (4.43) and integrating by parts, we find 

= J d t ([3(H + v + w) 2k + n^<p 

= J \^kp(H + u) 2k -\H t + v t + w t )+d t TZ^ V (AAA) 

for any tp G N fl H 1 . Since the term into square brackets [. . .] in (4.44) is in L 2 (Q) then, 
again by the L 2 -density of N n H l in N, (4.44) actually holds for any (p G N. 
Setting for brevity 

z := z(t, x; e) := (t, x, (H(t, x) + u(t, x; e)) j , 
we can write, from (4.7)-(4.3), 

H*(t, x; e) = e' l TZ{z) and d t 1l* = e' 1+ ^d u n(z)v t + A 

where 

A(t, x- e) := e^dtTZiz) + e~ 1+ ^d u n{z) (H t (t, x) + w t (t, x; e)) . (4.45) 
Then (4.44) becomes 

/ \2kp(H + u) 2k - 1 (H t + v t + w t )+e' 1+ ^d u n(z)v t + A\ip = V <p e N . (4.46) 

Jn L J 

For the remainder of this subsection we shall take e ^ 0, and Ki will denote suitable 
positive constants possibly depending 7 also on e. 

Since we are assuming that h G if J D C J_1 , j > 1, then, by (2.3), if G 1P +1 n (X 
Hence, to prove that u G H j+1 nC j , by (4.42), it is sufficient to show that v, w G H j+1 f]C j . 
We first prove that 

Lemma 4.6 w G C 1 ^) n # 2 (fi). 



6 Recall that [@(H + u) 2k + e L 2 (f2) since /?, H, u, 1Z* are continuous functions. 
7 However, such Ki can be taken independently of e if we assume the further regularity hypothesis 
(1.9) on 1Z, see remark 1.3 and remark 4.8. 
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Proof: We shall divide the proof in three steps. 
Step lifflGC'ffljn H 2 (n) and 

IMIc 1 + \\w\\h 2 < Ki \e\ . (4.47) 

We have u = v + w G C(U) n H 1 ^), H G H 2 (n) n C l (U) and (3 G H 1 ((0,ti)). 
Moreover, since K G C^H x R) and z(-;e) G C n if 1 , then ft,(-;e) G CniJ 1 and 

||7^(-;e)||c+ ||7e,(-;e)||Hi < K 2 . Hence /(*,a;,«(*,a;;e);e) = f3(x) (H(t, x) + u(t, x; e)) 2k 
+K*{t,x;e) eCHH 1 and \\f\\c+\\f\\m<K 3 . 

Therefore, since w solves the range equation w = eD~ 1 U N ± f , U^± satisfies (2.6)-(2.7) 
and D" 1 satisfies (2.3), we deduce that w G C^Hjn # 2 (fi) and (4.47). 

Step 2: u t G L°°(Q). 
Let define 



«i 8 := fc 4~ fc min (pH 2 ^ 1 ) (4.48) 
and < e 4 < e 3 such that, V |e| < e 4 



^1/8 



\e\- 1+ ^ \\d u K{z) ^(n) < ^ , 4fc|^(JET + i; + w) 2k ~ l - + v) 2 ^ 1 |^ < vr^ (4.49) 
(such e 4 exists by (1.7) and since \\w\\e = 0(e)). We claim that 

J [2k[3(H + u) 2k - 1 + e- l+ ^d u TZ{z)\ v<p > (lO™ 18 M - Ki 9 ||u|| La(T )) \\q{v)\W{T) (4.50) 
V|e|<£4, Vf = f + — v_ <E N , v±(t, x) = v(t ± x) , y? := ?(u+) — q(v~) G iV , 

where q = q M (M > 0) was defined in (4.16). Noting that f {i Pv 2k - 1 v<p = by (2.19), 
f </? > and using (2.22), 

/ 2kp(H + v) 2h ' 1 v V = [ 2kp((H + v) 2h ~ 1 -v^-^vip > [ 2M 1 - k f3H 2k - 1 v V 
Jn Jn ^ ' Jn 

> 2k4 1 - k mm([3H 2k - 1 ) [ vip = Sk 18 I vip . (4.51) 
Using (2.11)-(2.12) we obtain the lower bound 



'1/8 " /s 'l/8 

1 \ /-27T 









Jn x 


> 


2tt 




3tt 


> 





2tt 

u(s)g(f)(s))ds- v^7r||u||^(T)||5(u)||Li(T) , 
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and, by (4.51), we get 

p p2n 

/ 2kp(H + v) 2k ~ 1 vip > \2hk is / u(s)g(u(s))ds-«i 9 ||u|| L 2( T )||g(f))|| £ i(T). (4.52) 
Jn Jo 

Since J n \v(p\ = J Q v(f = 2tt J Q 27r v(s)q(v(s)) ds and using (4.49), we get, V|e| < £4, 



< |e| 1+2lfc ||^^(^)|U-(n) / v<p<nK 18 I v(s)q(v(s)) ds 

n Jo 



Jn 

Therefore, using (4.52) and (4.49), we obtain 

/ \2kp(H + u) 2k ~ l + e~ l+ ^d u n(z)] Dtp 
Jn L -I 

= / 2kp(H + vf^vip + E- 1+ ^d u K{z)v V + 2kf3 \(H + v + w) 2 ^ 1 - (H + v) 2 ^ 1 



> 



IOttkis / t)(s)g(t)(s))ds - /cig||t)||L2( T )||5(t))|| L i( T ) , V|e|<e 4 - (4.53) 
Jo 



Since Ag(A) > M|g(A)| 



2tt 



2tt 



u(s)g(tf(s))cfe>M / \q(v(s))\ds = M\\q(v)\\ L i ( n, 



and, by (4.53), we finally get (4.50). 

We now conclude the proof that v t £ L°°(Q). Taking v := v t in (4.50) and (p := q(d t v+)- 
q(d t vS) we obtain 8 



/ \2kl3{H + u) 2k - 1 + e' 1+ ^d u TZ(z)} v t <p > (10™ 18 M - « 20 ) \\q(v')\\ L i m 
Jn 1 J 

Note that, since H,w G C 1 , by (1.7) (A is defined in (4.45)) 

\\A\\ L °° <K 4 . 

Finally from (4.46)-(4.47)-(4.54)-(4.55) we get 

(lOn k 1s M - K 20 )\\q(v')\\ L i m < K 5 \\ip\\ L i (n) , V|e| < £4, 

from which, recalling < 27r||g , (6')|| i i( T ) (see (4.27)), we have 

M\\q(&)\\ L i m < K 6 \\q(&)\\ LHT) . 
8 Here v(t, x) = v(t + x) — v(t — x) and so v t (t, x) = v'(t + x) — v'(t — x). 



V|e| < e 4 . 
(4.54) 

(4.55) 



(4.56) 
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We claim that (4.56) implies v' G L°°(T). Indeed, if v' G" L°°(T), then for any M > 0, 
II^OIUht) > and ( 4 - 56 ) y ields M < ^e; hence 6' G L°°(T). Taking M := ||6'|| L oc (T) /2 
we obtain, by (4.56), 1 1 1 1 x,°° (t) < 2if 6 and ||v t || L °°(n) < AK 6 by (2.15). 

Step 3: v t G H\n) (and hence v G iV n C 1 ^) D # 2 (fi)). 
We claim that 

/ [2ib/3(ff + u) 2fc_1 +e- 1+ ^(9 u ^(^))jt; 2 > « 18 ||u||| a , VvGiV, |e|<e 4 , (4.57) 

where «i8 is defined in (4.48) and £4 is defined in (4.49). Arguing as before, using 
f n /3v 2k - 1 v' 2 = (recall (2.19)), (2.22) and (4.12)-(4.11) 



2kp(H + v) 2k V = / 2kp((H + v) 
m Jn ^ 

> [ 2kA 1 - k (3H 2k ~ l v 2 
Jn 

> 2M 1 - k c 1 ((3H 2k - 1 ) [ 

Jn 

Since, by (4.49), 



_\2k— 1 _9fc_i\ 9 



I 

Jn 



£ 



(d u n(z)y, 



v 2 = 2k 18 \\v\\ 2 L 2 ■ 



<k|- 1+ i||9 u ^)|| LOO ||t;||i 2 <^||t;|| 2 L2 , 



(4.58) 



and 



[ 2k(3[(H + u) 2k ~ 1 - (H + v) 2k ^]v 2 < 2k(3[(H + u) 2 ^ 1 - (H + v) 2k ~ l ] 
Jn 



Ml* 



< \\v\\r2 

- 2 II \\L 



using (4.58) we prove (4.57). 

Take tp = -D_ h D h v t G N in (4.46). Integrating by part (recall (2.27) and (2.24)) equality 
(4.46), we obtain 



= / D h 
'n 



2kf3(H + u) 2k -\H t + v t + w t ) + e' L+ *d u TZ(z)v t + A 



i+4 



D h v t 



J 

Jn 



2k(5{H + u) 2 ^ 1 + (d u K(z)) 



(D h v t f 



(4.59) 



2k[3 (D h ((H + u) 2k - 1 )^ (T h v t ) + 2kp (D h ({H + u) 2k -\H t + w t )) ) 
+e- 1+ ^ [D h {d u n{z)fj (T h v t ) + D h A D h v t . 
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The dominant term here is (4.59). Using (4.57) with v := D h v t , we get 



/ 2k/3(H + u) 2 *- 1 + e- 1+ ^ (d u K(z)) 



(D h v t ) 2 > K 18 \\D h v t \\ 2 L2 , y\e\<e 4 . (4.60) 



We now estimate all the other terms. Since HT^U^^) = ||i>t||i,°°(n) < K 7 and 



D h ((H + u) 2k ~ 1 ) 
we obtain 



< 



L 2 



d t ({H + u) 2 *- 1 ) = {2k-l) (H + u) 2k - 2 (H t + u t ) 



L' 2 



L 2 



2k^D h ((H + u) 2k ^(T h v t ) 



D h v t 



< K 8 \\D h v t \\ L2 . 



< K21 , 

(4.61) 
(4.62) 



Since H G C 1 n # 2 , u t G w e C 1 n # 2 , we have 



D h ((fT + «) 2fc - 1 (^ + ^)) < a t ((^ + M) 2fc - 1 (^ t + «) t )) 



L 2 



L 2 



(2k -1)(H + u) 2k ~ 2 (H t + u t )(H t + w t ) + (if + u) 2k -\H tt + 
and we deduce 



L 2 



<K 9 , 



2kp(D h ((H + u) 2k -\H t + w t ))) 



D h v t 



< K 9 \\D h v t \\ L2 . 



(4.63) 



From 



we derive 



e- 1+ ^d t (d u K(z)) = e- 1+ ^diK(z)+e- 1+1 *d 2 uu K(z)(H t + u t ) 



e- l+ ^D h (d u K{z)) 
and (recall v t £ L°°) 



< 



L 2 



-1+ 



^d t (d u K(z)) 



L 2 



< K 



10 



E- 1+ ^(D h {d u K{z))) 



D h v t 



<K w \\v t \\ 11^11^ = ^11 



(4.64) 



(4.65) 



We finally estimate the term 



(D h A)(D h v t ) 



(2.29) 



< \\D h A\\ L2 \\D h v t \\ L 2 < \\d t A\\ L 2\\D h v t \\ L 2 



(A is defined in (4.45)). Since 

d t A = e- 1 d 2 t TZ(z)+e- 1+ ^d 2 u TZ(z)(2H t + v t + 2w t ) 

+e- l+ ^d 2 uu TZ{z){H t + u t ){H t + w t ) + e- 1+ ^d u K(z)(H tt + w tt ) , 
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by (1.7), and using that v t G L°°(Q), w,H G H 2 (n) n C^fi), then ||d t A|| L 2 < X 12 and 



and ||-Dhft||L 2 (Q) < -^14 for all /i. Therefore, by (2.28), t> t G NnH 1 and ||wtt|U 2 (Q) < ^u- 
□ 

We now prove Theorem 2-(ii) by induction over j > 1. 

Lemma 4.7 Assuming v, w G C^^H) n # j (^), ^en C^H) n # i+1 (fi). 

Proof: Again we divide the proof in three steps. 
Step 1: we C j (U) n and 



By hypotheses H G C j (Q)n (since /i G C j -\Q) fl /F'(ft)), /3 G /P((0, tt)), 

ft G C J '(H x R) and *(.;e) G C^^Q) n /F'(Q). Hence 7^(-;e) G C'-^H) n # J '(fi) 
and \\K*(-;e)\\ C i-i + ||ft*(-; £)||i^ < Hence f(t,x,u(t,x;e);e) = /3(x)(H(t,x) + 

u(t,x;e)) 2k +K*(t,x;e) G C^\U) nH*(Q.) and ||/|| cj -i + ||/|| HJ - < K®. 

Since w solves the range equation w = eO~ 1 Il N ± f , n^i satisfies (2.6)-(2.7) and 
satisfies (2.3), we conclude that w G C j {Tt) n H j+1 (Q) and that (4.67) holds. 

Step 2: dlv G L°°(Q). 

Reasoning as for (4.44), we get 




(4.66) 



Recollecting (4.59), (4.60), (4.62), (4.63), (4.65) and (4.66) we obtain 

Ki8\\D h v t \\ 2 L 2 < K 13 \\D h v t \\ L *{ci) 



<K?>\e 



(4.67) 




v l<j-l, 



(4.68) 



but not on & t v. 

Choosing in (4.50) v = djv and so if 



q(d ] t v + ) — qffiv-), we get (recall that v G iP), 



V \e\ < 64, 



J 

Jn 



2kp(H + uf^ 1 + e 



^d u n{z)~\{d>v)ip> (l07rKi 8 M-«24 J 119(^)1^1(1), (4.69) 
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where := J^-t>. On the other hand, by (4.68) we get 

Since \\<p\\ L i < 27r||g(uk'))|| Ll(T) (see (4.27)), from (4.69) and (4.70) we get 



L 1 ■ 



(4.70) 



{10™ 18 M - K2i)\\q(^)\\ LHT) <K { 5 j) \\q(^)\\ 



Z,!(T) 



V|e| < e 4 . 



Then 



M\\q(^)\\ LHT) < K^\\q(^)\\ LHT} , V|e| < e 4 . 
Arguing as in (4.56) we get G L°°(T). Finally d J t v G L°°(fi) and ||^|| L oo (Q) < AK { 6 j) . 
Step 3: We now prove that d{v G H 1 (and hence v e NnC j H H j+1 ). 

Choosing (p := —D_ h D h cP t v in (4.68), integrating by parts (recall (2.27) and (2.24)) 

2kp(H + u) 2k - 1 + e' 1+ ^d u n(z)] (D h (d{v)) 2 (4.71) 

1 {D h {dlv)) . 



n 



+ 



(D h {2kP(H + u) 2k - 1 +e~ l+ ^d u TZ(z))){T h (div)) + (£> fc (J*>)) 
Using (4.57) we get 

~2kf3(H + u) 2k - 1 + e- 1+ ^d u n(z^ (D h (d{v)) 2 > K 18 \\D h (d{v) 

From (4.61), (4.64) and since d{v G L°°(ft), 

'D h (2k/3(H + u) 2 '- 1 + e- 1+ &ajl(z)j) {T h {dlv)) {D h {d>v)) 

00 



n 



2 

L 2 



V|e| <e 4 - 

(4.72) 



< 4AT, 



D h (2k(3{H + ii) 2 *- 1 + e-^^z)) , || || £2 



<K?\\D h (dlv)\\ L i. (4.73) 

We note that d t F {j) is a polynomial in k, (3, 

s- 1+ %d l t d™n{z) I + n = j + 1 , d\H, d\w l<j + l, d\v l<j, 

and that the terms d{ +1 H, d{ +1 w G L 2 (fi) (recall that w,He H j+1 (fl) by Step 1) appear 
only linearly (with no powers). Hence, using that d\H, d[w, d\v G L°°(Q), V/ < j, 



(D fc (^)))(D fc (^"t;)) 



< \\D h {^)\\»\\D h {d>v)\\» 

(2 29) 

< \\d t {^)\\ L 4D h {&>v)\\ L . 

< K$\\D h {d>v)\\» . 



(4.74) 
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Finally, by (4.71)-(4.72)-(4.73)-(4.74) we get 

and therefore \\Dh(d{v)\\ L 2 <K±q . By (2.28), we conclude the proof obtaining d{ +1 v G 
L 2 (n) and ||^' +1 t;|| L 2 < K$ . □ 

Remark 4.8 If H, u G H^Q) n C i_1 (n) (0 < i < j) and (1.9) holds, then R* and 
dtR* are bounded in H l (Q) nC* _1 (Jl) by some constant Ki independent of e. In this case, 
the constants Ki of this section can be taken independently of e, obtaining the estimates 
(1.10). 

4.6 Proof of Theorem 1 

The following Proposition is a sort of "maximum principle" for the wave equation (1.1)- 
(1.2)-(1.3). 

Proposition 4.9 Let h G N L , h > (or h > 0) a.e. in Q. Then there exists a weak 
solution H G E of DH = h satisfying H > (or H > 0). In particular we can choose 

1 pk pi — X - ) - ^ 1 PX pt~\~x — £ 

H(t,x):=- / hfaOdrdt-- / h(r^)drd^ (4.75) 

Z J0 Jt-x-i 1 J k Jt-x+£ 

for a suitable k G (0,7r). Moreover h G => H G C j and h G H j => H G H j+1 , for 

J>1- 

Proof: We consider the case h > 0, the case h > being similar. 

Step 1: H defined in (4.75) belongs to H\Q) n C^q) for any k G (0, ir) and 

2(d t H)(t,x) = J (h(t- x + ^)-h(t-x-S,0)d£ 

-J (h(t + x-C,0-Kt-^ + C,0)dCeL 2 (n) , (4.76) 

2(d x H)(t,x) = £ (-h(t-x + Z,0 + h(t-x-t,0)dt 

- £ [hit + x -^£) + h(t-x + £, 0)dC G L 2 (fi) . (4.77) 

We shall prove that the first addendum in the r.h.s. of (4.75) 

CK ft — X+S, 



H^x)^- / / h(r,0drdC 

1 Jo Jt-x-i 
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belongs to C 1 / 2 ^) n H 1 ^), the second addendum being analogous. Denning 

T(t,x) :=T(t,x;K) := {(r,f) G Q \ t - x - £ < t < t - x + £ , 0<£</tj 

we can write Hi(t,x) := (1/2) f T , tx \ M r ,0 dr d£. 

Since meas (T(t,X]K)) = K 2 < n 2 we derive that Hi is uniformly bounded by 

| Hi (t, *)\<\f a 1t(*,,) (r, 1 1 dr df < 1 1| || £2(n) 

using Cauchy-Schwartz inequality. 

For i — 1,2 and (ti,Xi) G let define Tj :=T(ti,Xi). It results 

meas^ \ T 2 ) = meas(T 2 \ 7\) < tt(|*i - t 2 | + \x x - x 2 \) 

and, using again Cauchy-Schwartz inequality, 

\H 1 (t 1 ,x 1 )-H 1 (t 2 ,x 2 )\<l [ \h\ + l- [ \h\ < V^(\ti-t 2 \ + \x 1 -x 2 \) 1/2 \\h\\ L 2 (n) . 

1 ^Ti\T 2 1 JT 2 \T 1 

Therefore we have proved Hi G C 1 ^ 2 ^). 

We now prove that Hi G H 1 ^) and that d t Hi = —d x H 1 =fi where 

hH, x) := l - £ (h(t -x + trf-hit-x-t, 0) di G L 2 (fi) . 
We first justify that fi G L 2 (Q). Since 

IM*-^ + e,OI 2 + IM*-^-e,OI 2 > \\h(t-x + z,z)-h(t-x-z,t)\ 2 , 

by periodicity w.r.t. t we obtain that, Vi G (0, it), 

h(ci)> f r \h(t,0\ 2 dtd£>] [ K [ 2n \h(t-x + £,0-h(t-x-{;,0\ 2 dtdt. 



o Jo 4 j jo 



Integrating the previous inequality in the variable x between and tt, applying Fubini 
Theorem and Cauchy-Schwartz inequality, we deduce 



tIWIWi) > \£ £ J*\h(t-x + Z,Z)-h(t-x-Z,Z)\ 2 dtdtdx 

= W f \h(t-x + ^0-Ht~x-^0\ 2 d^dtdx 
4 Jn Jo 

> ^J^*\h(t-x + Z,Z)-h(t-x-Z,Z)\dt) dtdx. 

> - f f 2 (t,x)dtdx=-\\fi\\ 2 L2 . 
KJn k 
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Finally, we prove that d x H\ = —fi, being d t Hi = fi analogous. By Fubini Theorem 

f27T pK pW pt—x+£, 



p pzir pK pir pt—x+z 

2 / H l( p x = h(T,S)(p x (t,x)dTdxd£dt 
Jn Jo Jo Jo Jt~x-£ 

p2ir pn / pt+£, ft^r^~ T pt+£—n pn 

— [ h (f x dx dr + h (p x dx dr 

Jo Jo V Jt+f-ir Jo Jt-f Jo 



t+i-n JO Jt-i 

+ hi ip x dx dr ) d£ dt 

Jt-Z-ir Jt-Z-T 

2tt pK / pt+£ 



p2ir pk / nt+f, 

( h(T,^Mt,t + C-r)dr 

JO JO \Jt+£-TT 



t-Z 

h(T,S)<p(t,t-S-T) dr)didt 

t-£— 7T 

2tt pk / pO 



JO 



L 

/ h(t + £-x,g)<p(t,x)dx 

J n 

+ / h(t-S-x,S)<p(t,x)dx)dtdt = 2 [ h 
Jw J Jn 



if. 

With analogue computations for the second addendum of H in (4.75) we derive (4.76) 
and (4.77). 

Step 2: There exists k G (0,7t) such that H(t,x) verifies the Dirichlet boundary condi- 
tions H{t, 0) = H(t, tt) = Vt G T. 

By (4.75), the function H satisfies, for any k G (0, tt), H(t, 0) = Vt G T. It remains 
to find k imposing H(t,n) = 0. Taking x = tt in (4.75) we obtain 

i pn pt—n+t; i pn pt+TT—l; 

H(t,n) :=7: h(T,Z)drdS-- / h{r^)drd^ 

* Jo Jt-n-Z A Jn Jt-n+Z 

■y PIT pt — TT+t; 1 PIT pt+w—!; 

= i h(T,Z)drdZ-- / / h(T,Z)dTd£ 

A Jo Jt-n-£ Z J k Jt-K-Z 

= l£J^h(T,0drdC-^£J\(T,0dTdC =: c - *(«) , (4.78) 

where in the last line we have used the periodicity of h(-,£) and (2.4). 

In order to prove that H(t, ir) = 0, Vt G T, we need only to solve x{ K ) — c - By the 
absolute continuity of the integral (with respect to the two-dimensional measure dr d£) 
x( K ) is a continuous function. Moreover, since h > a.e. in Q, x(0) > c > 0. Finally 
x(tt) — and therefore, by continuity, there exists k G (0, tt) solving x{ K ) = c - 
Step 3: H G E is a weak solution ofDH = h, namely 

[ ip t H t - ip x H x + <ph = 0, V </? G Cq (H) . (4.79) 
Jn 
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By Fubini Theorem and periodicity we get 



<Pt(t,x) J h(t -x + + (p x (t,x) J h(t-x + Z,£)dZJdtdx 

J J ((p t (t,x)h(t-x + Z,Z) + (p x (t,x)h(t-x + $;,$;))dtd$;dx 
J J [(pt(t + x-Z,x) + (p x (t + x-£,x))h(t,Z)dtd£dx 
= J J W'^f ■^(<P(t + x-£,xj)dxdtdS = (4.80) 



'0 JO JO 

by Dirichlet boundary conditions. Analogously, 



-f (<p t (t,x) f h(t-x-£,g)d£ + <p x (t,x) f h(t-x-£,£)dAdtdx = 0. (4.81) 
Jn V Jo Jo J 

Moreover, again by Fubini Theorem, 

/ (-<p t (t,x) [ h(t + x + <p x (t,x) [ h(t + x dtdx 
Jn \ J k J k J 

J J (-(p t (t,x)h(t + x-£;,£;) + (p x (t,x)h(t + x-$;,Z))dtd£;dx 

= So I So {~^ t ~ x + ^ x ^ + Vx ^ t ~ x + ^ x ^ h ^ t '^ dtd ^ dx 
= So So k ^^l ■^(<p(t-x + Z,x) y )dxdtd£ 

f -r(<p(t — x + £ix)) dxdtd£ = — [ hip 
Jo dx\ J J n 



'0 JO 

and, analogously, 



/ (<p t (t,x) [ h(t- x + + <p x (t,x) [ h(t -x + dtdx = - [ hip. (4.82) 

Jn V J k J k J Jn 

Summing (4.80), (4.81), (4.82), (4.82) and recalling (4.76), (4.77) we get (4.79). 
Step 4: H(t,x) > in ft. 

First case: < x < k. By (4.75) and geometrical considerations on the domains of the 
integrals, we derive that, for < x < k, H(t,x) = f e h(r,£) drd^ where := Q t ,x is the 
trapezoidal region in ft with a vertex in (r, £) = (t, x) and delimited by the straight lines 
t = t — x + t = t + x — £, i = k and r = t — x — £. Since h > a.e. in ft we conclude 
that H(t,x) > 0. 
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Second case: k < x < n. Since H(t + n — x, ir) = we have, by (4.75), 

/ / h(T,Z)dTdt= / / h(T,Z)dTd£. 

JO Jt-x-(, Jk Jt-x+£ 

Therefore, substituting in (4.75), we get, for k < x < it, the expression H(t,x) = 
JeM r '0 drdt; where, now, 6 := Q t ,x is the trapezoidal region in Q with a vertex in 
(r, £) = (t, x) and delimited by the straight lines t — t — x + t — t — x — £ + 2n, £ = k 
and t = t + x — £. Since h > a.e. in f2 we conclude also in this case that H(t, x) > 0. □ 

Proof of Theorem 1. Since h > a.e. in Q, by Proposition 4.9 there exists a weak 
solution H G E of Dif = /i verifying (1.8) (i.e. H > in Q). Therefore existence of a 
weak solution u G E satisfying < C\e\ follows from Theorem 2-(i) with f3(x) = f3 

and 1Z = 0. The higher regularity for -u and the estimate ||u||//-j+i(n)+ IKIIc^m) — C\e\ 
follow from Theorem 2-(ii) and (1.10) in remark 1.3 since assumption (1.9) is trivially 
verified (TZ = 0). □ 



5 Proof of Theorem 3 

In order to prove Theorem 3 we perform the Lyapunov-Schmidt reduction of section 3 
and we minimize the reduced action functional $ in Br := {\\v ||#i < R}. To conclude 
the existence of a solution, we have to prove that the minimum v G Br is an interior 
minimum point in Br for some R > 0. 

This case is easier that the previous one since the required a-priori estimates can be 
deduced directly by the t/l -order variational inequality (1.17) which does not vanish for 

5 = 0. 

Step 1: The L°°-estimate 

Since a(x,u) satisfies (1.11) or (1.12), by (2.18), J n a(x,v)Lp = 0, G V (as v G V) 
and hence 

/ f(v)(p= / f(v)ip + a(x,v)(p = / f(v)<p . (5.1) 
Jn Jn Jn 

Since \\w(v, s)\\e < C\e\, by the variational inequality (1.17) and (5.1), we find 

/ f(v)v < o^C^MMMW < o(l)Ci(i2)||^|| L i , 
Jn 

where Ci(-) is a suitable increasing function depending on /. Then there exists a decreasing 
function < £i(-) < e (-) such that 

/ f(v)<p < \\<p\\ L i for |e| <e 1 (R). (5.2) 
Jn 
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We now choose, as in subsection 4.3, the admissible variation <p = q(v + ) — qiy) where q 
is defined in (4.16). By the mean value Theorem 

f(t,x,v) = f(t,x,0) + f u (intermediate point)-u 

and, by (5.2), since f u >P>0 and v<p > (recall (4.18)), we obtain 

(3 vip < KilMU 1 . (5.3) 
Jn 

Arguing as at the end of subsection 4.3 (see inequality (4.35), recall (4.27) and M := 
II^IU°°(T)/2) we deduce 



/ 

Jn 



in 

and, by (5.3), we deduce 



IMU°° < K3 for \e\ < ei(R) . 

Step 2: The i^-estimate 

The iJ 1 -estimate is carried out as in subsection 4.4 taking the admissible variation 
ip := —D^hDhV in the variational inequality (1.17). By Lemma 2.7, denoting w := w(v), 

0> / f(v + w)<p = [ D h f(v + w)D h v^ [ (f t (v + w) + f u (v + w)(v t + w t ))v t . (5.4) 
Jn Jn Jn v J 

Since \w\ E = 0(e), we get, by (5.4), 

/ fu{v + w)v 2 t < K A \\v t \\ L 2 . (5.5) 
Jn 

Since /„ > (3 > 0, j n a u (x, v)v 2 = by (2.19), and \\w\\ E = 0(e) 

/ f u (v + w)v 2 = f u (v + w)v 2 + a u (t, v + w)v 2 
Jn Jn 

> J j3v 2 t + J (a u (t,v + w) -a u (t,v)^v 2 

> [ Pv 2 -o(l) [v 2 >U v 2 (5.6) 
Jn Jn z Jn 

for \e\ < e 2 (R) < ei(R). From (5.5) and (5.6) we deduce 

\\v\Ih 1 < k-5 V |e| < e 2 (R) ■ 

Proof of Theorem 3 completed. For R* ■= k 5 and e* :— e 2 (R*), v is an interior 
point in B Rt and u := v + w(v,e) is a weak solution of (1.1)-(1.2)-(1.3). Regularity of the 
solution u is proved as in subsection 4.5 and Theorem 3 follows. □ 
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6 Appendix 

Proof of Lemma 2.2. By the periodicity of a(t,x) with respect to t 

/ a(t,x)dtdx= a(t,x)dtdx 

where Q a := {an < x < n(l — a), —x < t < —x + 2n}. Under the change of variables 
s + :— t + x, s_ := t — x the domain Q a trasforms into the domain 

jo < s+ < 27T, s + - 2n(l - a) < s_ < s + - 2™ j 

and we get (2.9). 

For p, q G L 1 (T), by (2.9) we have 



/ p{t + x)q{t — x) dt dx — 7: ds + p(s + ) / g(s_)ds_ 

2 Jo J-27r+s + +2a7r 

= - / rfs+ p(s+) ( / g(s)ds - / g(s_)ds_) 

Z </0 V JO Js+-2a-K 7 



J ^27T r 2lT 



2 



p(s)ds / q(s)ds 
Jo 

"2w i>2air 



- / ds + p(s + ) / g(s + + z)cfe 

1 JO J-2an 



and we obtain (2.10) by Tonelli's Theorem (calling s + — y). 
Formula (2.11) follows by (2.10) setting q = 1 . 

We now prove (2.12). Since the change of variables (t,x) 1— > (t,ir — x) leaves the 
domain Q a unchanged 

/ a(t,x)dtdx= / a(t,ir — x)dtdx , 
and, using also the periodicity of p, 

/ f(p(t + x))g(p(t — x))dtdx = / f(p(t + n — x))g(p(t — ir + x))dtdx 



/ / /(p(t + 7r-a;))5f(p(t + 7r + a;))rftrfa; 

«/ an J 

/ / f(p(t-x))g(p(t + x))dtdx 

J an J 



f*7T — CK7T p2n 

'0 

proving (2.12). □ 
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Proof of Lemma 2.3. (2.13) follows from the equality v 2 



+ v 2 _-2v+v„, (2.11) 



(with p = v\,v 2 _ and a = 0) and (2.10) (taking p, q = v, a = and recalling that -0 has 
zero average). 

(2.14) follows form (2.13) since v t (t, x) = v'(t + x) — v'(t — x) (and similarly for v x ). 
Next, the first inequality of (2.15) follows from v(t,x) = v(t + x) — v(t — x) recalling 
that, since -0 has zero average, there exist two positive measure sets in which v > and 
v < 0. The second inequality of (2.15) is trivial. 

We finally prove (2.16). Since v is continuous (v G if 1 (T)) there exists £m such that 
\v(^m)\- Being v = 0, there exists |£ — £m| < n such that v(£o) = 0. 



IM|l°°(t) 
Hence 









£||l°°(t) = \v(£m)\ = 


/ v'(s)ds 


< 




ho 





(O) 



by the Cauchy-Schwartz inequality and (2.14). Finally by (2.15), 

IMU°°(n) < 2||-0||l°°(t) < V2\\v t \\ L 2^ = — (H^Hz^) + Hud^^)) < IM|ifi(n) • 

where \\v\\ 2 Hl{n) := \\v\\ 2 L 2 (n) + \\v x \\ 2 L2{n) + \\v t \\ 2 L 2 {n y □ 
Proof of Lemma 2.4. By the change of variables (t,x) i — ^ (i, 7r — x) and periodicity, 

x) — <pj(t — x)^dtdx 

/*7T — OC7T p'ZTT ^n-~r ^ 

/ / H (fijit + K-x) -ip j (t-n + x)) t 

Jan JO - =1 v 7 
2tt 2fc+l 

| J (fij(t — x) — ipj(t + x)^jdtdx 



<Pi • ■ ■ ■ • ¥2k+l 



tv— an p2n ^fc+l 

n 

2tt 2fc+l 



\dtdx 



pTT — a 
J an 
(_ 1 )2fc+l /" 

Jn, 



j'=i 



• V?2fc+1 



which implies (2.17). 

With similar arguments we can prove (2.18) and (2.19). 



□ 



/-2fc 



Proof of Lemma 2.5. The inequality (2.20) follows by the convexity of t — > r 

We next prove (2.21). If 6 = it is trivially true. If b ^ let us divide for 6 2fc and set 
x := a/b e ffi. (2.21) is equivalent to prove 



/(a) : = ( x - l) 2fc - x 2fe - 1 + 2ib; afc - 1 + 2kx > 



2fe-l 



(6.1) 



It results /(0) = 0, f(x) = 2k[{x - l) 2 ^ 1 - x 2 ^ 1 + (2k - l)x 2k ~ 2 + 1] and so /'(0) = 0. 
Therefore to prove (6.1) it is sufficient to show that / is convex. We have f"(x) = 
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2k{2k - l)g(x) where g k (x) := (x - l) 2fe " 2 - x 2k ~ 2 + (2k - 2)x 2k ~ 3 , k>2. 
We now show by induction on k > 2 that g k (x) > 0. It is true for k = 2 since g2(x) = 
(x — l) 2 — x 2 + 2x = 1 > 0. Supposing now g k (x) > 0, let us prove that g k+1 (x) > 0. 
We claim that 

g k+1 (x) = (x-l) 2k -x 2k + 2kx 2k - 1 
is a strictly convex function. Indeed 

g' k+1 (x) = 2k[(x - l) 2 '- 1 - x 2 '- 1 + (2k - l)x 2k - 2 ] and g'^x) = 2k(2k - l)g k (x). 

By the inductive hypothesis g k (x) > and therefore g k+1 (x) > 0. Moreover, being 
9k+i( x ) ~ costx 2A:_2 , \im x ^ ±QC> g k+1 (x) = +oo and g k +i(x) possesses a unique point of 
global minimum x that is also the unique critical point. Now it is sufficient to show that 
g k+ i(x) > 0. 

g' k (x) = 2k[(x - l) 2 *" 1 - x 2k - 1 + (2k - l)x 2k - 2 ] = 

implies that (a; — l) 2fc_1 = x 2k ' 1 — (2k — l)x 2k ~ 2 . Substituting this equality in the expression 
for g k+ i(x), we have 

g k+1 (x) = (x - l)^' 1 - (2k - l)x 2k ~ 2 ] - x 2k + 2kx 2k - 1 

= x 2k - x 2k ~ l - (2k - l)x 2k ~ l + (2k - l)x 2k ~ 2 - x 2k + 2kx 2k ~ 1 
= (2k - l)x 2k ~ 2 > 

(we use that x ^ 0, in fact g' k+1 (0) = —2k ^ 0)). 

Proof of (2.22). The case k — 1 is trivial. For k > 2, we divide by b 2k ~ 1 and define 
x := a/b G R. We have to prove that 

f(x) := (x + l) 2fe_1 - x 2k - x > 4 x " fc , VxGR. 

Since 

f(x) = (2k -l)[(x+ l) 2k - 2 - x 2k ~ 2 ] =0 ^ (x + l) 2k - 2 = x 2k ~ 2 x = 

and f(x) — > oo as |x| — > oo, we conclude that x = —1/2 is the unique minimum point of 
f(x) and therefore /(x) > f(-l/2) = 4 1 " fc . □ 

Proof of Lemma 2.6. From the inequality (2.20) we obtain 



f v 2k = f ( v+ - v _) 2k < 2 2k ^ [ v 2k + v 2k = 2 2k - 1 [ 
Jn Jvl Jn Jn 



v 2k (t + x) + v 2k (t - x)dtdx , 

n 



which, using (2.11), proves (2.23). □ 
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We first prove the Lemma in the case k > 2. Using the inequality (2.21) (2.11) and 
(2.12), we obtain 



I v 2k = I (v + -v_) 2k > I v 2 + k + v 2 _ k -2kf vf^v. + v+v 

/*2"7T p 

= 2tt(1 - 2a) / v 2k -Ak v 2k ~ l v. . 
Jo Jn a 

By (2.10) and since -0 has zero average 



2fc-l 



(6.2) 





1 


f*27TOi P 








2 


J-2kol JO 



i p27va p2ir 

< o / / iwr-^+^i^- 

Z 7-2ira JO 



r , 2ira p2n 
-2na JO 

By Holder inequality with p := 2k/ (2k — 1) and q := 2/c (1/p + 1/q = 1), 

-2tt 



(6.3) 



/Z7T / p Z7T 

Wv^Wv + z)\dy < (j( \v(y)rdy 

Hy)\ 2k dy, 



2vr \ 2k 

2k, 



2tt 



\v{y + z)\ 2k dy 







where, in the equality, we have used the periodicity of v to conclude that J^ w \v(y + z)\ 2k dy 
= J Q 27r \v(y)\ 2k dy. Inserting the last inequality in (6.3), we obtain 



^ a 



< 2ira 



/ \v(y)\ 

Jo 



2k 



dy 



(6.4) 



Inserting (6.4) in (6.2) the Proposition follows in the case k > 2. The case k — 1 is similar: 



v — 2 I v + v_ 



/ v 2 = ( vl + vi- 2v + v„ = 2tt(1 - 2a) I v 2 -2 ! 
Jn a Jn a Jo Jn 

and we conclude by (6.4). 

Proof of Lemma 2.7. Formula (2.24) follows from 

f(t + h,x)g(t + h,x)-f(t,x)g(t,x) 



□ 



D h (fg)(t,x) 



h 

f(t + h,x) - f(t,x) g(t + h,x)-g(t,x) 
9\t, x) + f{t + h, x) 



h 



h 
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We prove (2.25) by induction. It is obvious for m — 1. We suppose (2.25) holds for m 
and prove it for m + 1 : by (2.24) we have 



D h (f m -f) = (D h f m )f + T h f m D h f 



= (D h f) 



m—l 



J2f m - j T h f+T h f 



.3=0 



3=0 



Formula (2.26) follows by (2.24) performing the change of variables s = t + h, 
D h (fg)(t,x) = 



J 

Jn 



n 



[ (D h f)g+ [ f(s,x) 
Jn Jn 



h 

g(s,x) - g(s - h,x) 
h 



dsdx . 



We now prove formula (2.27) for integration by parts. Due to the periodicity of / and g 
with respect to t 



[ f(D- h g) 
Jn 



/ f(t,x) g(t-h,x) -g(t,x) 



dtdx 

fit + h, x) — fit, x) g(t, x)dtdx 



= ~ [ (D h f)g . 
Jn 



The proof of (2.28) is standard. Let up E C\tt). By (2.27) 

/ (D h f)(p = - [ f(D_ h <p) . 
Jn Jn 

Now the sequence f(D-hip) converges to fip t a.e. and, since 

\f(t,x) (D_ h <p)(t,x)\ < \\tp\\cw\f(t,x)\ E L 1 ^) 
we can use the Lebesgue Theorem to obtain 



(6.5) 



/ f(D. h <p) ^ / M. 
Jn Jn 



(6.6) 



L 2 



Since, by hypothesis, D h f is bounded in L 2 (Q), D h f g, up to a subsequence. Passing 
to the limit in (6.5) for h — > we find J* n gtp — — f n f<p t - Therefore / has a weak derivative 
ft — g and by the weakly lower semicontinuity of the norm 



||/ t || i2 <limmf||AJ|| i2 <C 
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In order to prove (2.29) assume temporarily / is smooth. From the fundamental 
Theorem of calculus 



m t\u ^ f(t + h,x) - f(t,x) . 
(D h f)(t,x) = =/ f t (t + hs,x)ds . 



= f ft(t 
Jo 



By Cauchy-Schwartz inequality, Fubini Theorem and periodicity we obtain 



/ 

Jn 



7T fllX f\ 

D h f(t,x)\ 2 dtdx = I / f t (t + hs,x)ds 

o Jo Jo 

■TV fl-K f\ 



2 



dtdx 



o Jo Jo 

TT pi r2ir 



< \ft(t + hs,x)\ 2 dsdtdx 

Jo Jo Jo 

\ft(t + hs, x)\ 2 dtdsdx 
\ft(t, x)\ 2 dtdsdx 
\f t (t,x)\ 2 dtdxds = \\f t \\h(si) ■ 



o Jo Jo 

TT rl /-27T 



JO JO 
1 r w rlir 



JO JO 



Inequality (2.29) is valid, for any / having a weak derivative f t G L 2 (Q), by approximation. 

In order to prove (2.30) we first show the weak L 2 -convergence. Let if G C 1 (r2). By 
(2.27), applying as before the Lebesgue Theorem, and since / has a weak derivative f t 

[ (AJ> = - / f(D-hf) ™ - t f<Pt = t ftV, G C\n) . (6.7) 

Jn Jn Jn Jn 



Since, by (2.29), D h f is bounded in L 2 , and (6.7) holds in the dense subset C 1 ^) C L 2 (Q), 

L 2 

we conclude the weak L -convergence D h f — ^ f t . 

By the weakly lower semicontinuity of the norm and (2.29) 

||/tlU 2 (Q) < liminf ||D h /|| L a (n) < Wfthnn) => lim \\D h f\\ L 2 {n) = ||/ t || L 2 (n) . (6.8) 
Since L 2 (fi) is a Hilbert space, weak convergence D h f f t and (6.8) imply the strong 

L 2 

convergence Dhf — > ft- 1=1 
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